ferent from the moments relevant to the no-phonon line alone. "" The no-phonon line is therefore a "narrowed" line in the sense that its width is less than is predicted by the second moment of the complete line. " In the physical picture of Bloembergen The Slater theory of the ferroelectric phase transition in KH&PQ4 type crystals as modified by Takagi and extended by Senko is examined again in the light of recent measurements of parameters made on KDgPO4. Making full use of the measurements, and assigning an appropriate numerical value to one adjustaable parameter which is not independently measured, the theory gives a nearly correct description of the shape of the spontaneous polarization curve. Also the value obtained for the Curie constant is probably satisfactory in view of limitations of the model and uncertainty of the high-temperature experimental data. The theory fails, however, in at least one important respect; the transition entropy is overestimated. This and other discrepancies are discussed brieQy.
clear from the study of optical sharp-line spectra that they do indeed make themselves felt. They generate the vibrational structure which accompanies the nophonon line, and they concurrently modify the inte- The Slater theory of the ferroelectric phase transition in KH&PQ4 type crystals as modified by Takagi and extended by Senko is examined again in the light of recent measurements of parameters made on KDgPO4. Making full use of the measurements, and assigning an appropriate numerical value to one adjustaable parameter which is not independently measured, the theory gives a nearly correct description of the shape of the spontaneous polarization curve. Also the value obtained for the Curie constant is probably satisfactory in view of limitations of the model and uncertainty of the high-temperature experimental data. The theory fails, however, in at least one important respect; the transition entropy is overestimated. This and other discrepancies are discussed brieQy. Inserting these populations we 6nd for the free energy A (p) = -N(,Ep+pp'+kT {lnL(1 -p&)/411 j +2p(tanh-'p -X) }) (2) and for its derivatives
where dX/dp is determined by (1). given by (5), i.e. , at a somewhat higher temperature and therefore higher entropy than in case (a).
(c) P=O, pi finite (this is Takagi s model). At high temperatures p=X=O is the only solution of (1) and (4); A (0) is a minimum as indicated by the sign of (7). As T is lowered till 8 becomes less than -8i, (7) changes sign giving a maximum in A at p= 0; Eqs. (1) and (4) This conclusion is independent of the relative contributions of e2 and eo to 8 and thus contradicts the results of Grindlay and ter Haar' who find first-order behavior for some cases of nonindnite~2. The difIiculty seems to be that they assign (in our notation) pi -pp/4 to three, and pi+3pp/4 to one of the configurations marked with (*) in Fig. 1 . We have repeated their calculation using equal energies and find a secondorder transition at 0= -8~as expected.
(d) In the general case two qualitatively different behaviors are possible. The first is like that in (c) above. A nonzero solution of (1) and (4) 6rst appears when (7) changes sign; that is, we have a second-order transition when P/kT = (8+8,)/(1y8, ) .
The second possibility corresponds to having two solutions of (1) and (4) The situation is summarized in Fig. 3 . Each point in the figure represents a combination of parameters (8, ei, and P/k T) for which a transition takes place. In the upper left portion the transition is second order, and the figure simply represents equation (8) Fig. 4 (a) in which neighboring low-energy and high-energy groups effectively interchange positions. The rate will go as the population, and hence the Boltzmann factor of the high-energy groups. Note that the jumps of Fig. 4(b) which destroy high-energy pairs by recombination will have a much smaller rate proportional to the population squared. The reverse pair-creation process must then be equally slow to maintain equilibrium; we expect, in fact, a factor exp( -2ei/kT) because the process requires energy approximately 2e& to create the pair.
For KD2PO4 then, we may identify the measured exponential in the jump rate described above with 0ã nd take ei/k=900'K.
One expects e2, the energy of "doubly ionized" groups, to be approximately twice t. & for "singly ionized" groups. If so, then the corresponding Boltzmann factor is negligibly small and we may as well set &2= co.
For known e~and transition temperature, T, = 213'K, ' Fig. 3 gives various possible combinations of eo and P; however, their ranges are not great: P=O gives es/k=154'K, while P/k=23'K (large enough for a first-order jump to 50%polarization) gives es/k = 110'K.
We may note that, although the transition is generally asserted to be second order, the smallest nonzero polarization reportedis is about 30%. Spontaneous polarization curves using the measured e~are compared. with experiment in Fig. 5 (a) 359 (1955) .
9 Subsequent to the calculations given in this paper, a higher value of T, for fully deuterated crystals has been reported, see
Refs. 14 and 15. In short, the energy parameters of the mod, el can be fitted essentially uniquely and the e& value required to fit the observed polarization is just the value obtained from quite independent measurements.
To predict the susceptibility from (9) we need values of p, o and. Xo. Mayer's value" for the saturated. spontaneous polarization, P"» --4.5X10 ' C/cm'= ji/p, s/U, yields ii& --0.27 e A= 1.3X10 's esu. Xs can be estimated at 0.5 by fitting (10) to the high-temperature susceptibility" of KH2PO4 and assuming no change on deuteration. These values give C=163'K for the Curie constant in (10) Fig. 1 become identical for hydrogens centered on their bonds one is tempted to assume that the energies e for diferent particles vary as the square of the oG-center distance. This distance is greater for deuterons than it is for protons (as one would expect if the deuteron lies lower in an unsymmetric well'r) and in fact leads to estimates for the e's of KH2PO4 enough lower to account moderately well for its lower T, (122'K). If one supposes that P, which measures the long-range effects, depends only on the s moments, one would expect it to vary as the square of the saturated polarization which is nearly the same for the two isomorphs. Figure 3 then indicates that the transition point for KH~PO4 would lie well within the erst-order region, whereas in fact the spontaneous polarization rises less rapidly than in the deuterated case. The difficulty disappears if the smaller x and y motions in KH2PO4 are considered to give a smaller P.
